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Abstract 

Let be a nilpotent group normal in a group G. Suppose that G 
acts transitively upon the points of a finite non-Desarguesian projec- 
tive plane V. We prove that, if V has square order, then must act 
semi-regular ly on V. 

In addition we prove that if a finite non-Desarguesian projective 
plane V admits more than one nilpotent group which is regular on 
the points of V then V has non-square order and the automorphism 
group of V has odd order. 

MSC(2000): 20B25, 51A35. 

1 Introduction 

A Singer group S oi a. projective plane V of order x is a collineation group of 
V which acts sharply transitively on the points of V. The existence of such a 
Singer group is equivalent to a (w, /c, 1) difference set in S where v = + 1 
and k = X + 1. 

Ho |Ho98t theorem 1] has proved the following theorem concerning abelian 
Singer groups: 

Theorem C. A finite projective plane which admits more than one abelian 
Singer group is Desarguesian. 

We will present an alternative proof of this theorem (our proof, unlike 
Ho's, will be dependent on the Classification of Finite Simple Groups) and 
then will present work aimed at extending the result to nilpotent Singer 
groups. In particular we prove the following: 

Theorem B. Suppose that a non-Desarguesian finite projective plane V of 
order x admits more than one nilpotent Singer group. Then the automor- 
phism group of V has odd order and x is not a square. 
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In the course of proving Theorem B we will need to prove the following: 

Theorem A. Let F be a nilpotent group which is normal in a transitive 
automorphism group GofV, a projective plane of order x = . Then F 
acts semi-regularly on V . 

For the remainder of the paper we operate under the following hypothe- 
sis. The conditions included represent, by |Wag59| and |Dem97t 4.1.7], the 
conditions under which a group may act transitively on the points of a non- 
Desarguesian projective plane. 

Hypothesis. Let V he a non-Desarguesian projective plane of order x > A. 
Let G be an automorphism group ofV which acts transitively upon the points 
of v. If G contains any involutions then x = v? , u > 2, and each involution 
fixes u"^ + u + 1 points. If h & G then h fixes at most x + ^/x + 1 points. 

By |GiH Theorem A] , we know that the Fitting group and the generalized 
Fitting group of G coincide, i.e. F*{G) = F{G). 

Write a for a point of V. For a collineation group H of V, write Ha for 
the stabilizer of a. 



2 Nilpotent collineation groups 

In order to prove Theorem A we need a well known result of Camina and 
Praeger. We state a weaker version which is sufficient for our purposes: 

Theorem 1. l(JP9S\ Theorem 1] Let G act transitively on the points of a 
projective plane V . Let N he a normal subgroup of G. Then N acts faithfully 
on each of its point orbits. 

Note that, in particular. Theorem ^ implies that a minimal normal sub- 
group of G will act semi-regularly on the points of V. We are now in a 
position to prove Theorem A. 

Proof. Let A be a Sylow p-group of F for some prime p dividing the order 
of F. Suppose that N does not act semi-regularly. If |A : Aq| = a prime, 
then, since N acts faithfully, N < Sp, the Symmetric group on p letters. 
But then |A| = p and N is semi- regular which is a contradiction. Thus 
|A : A„| > p2 and x > 25. 

Observe that the average number of fixed points for non-identity elements 
of A is 

2 , ^ ^.\Na\-l ^ x^ + x+1 
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Now : Na\ divides into m^±u + 1. If : A^^l < ±m+ 1 then a non- 
identity element of N fixes, on average, more tlian — u + > u"^ + u + l 
fixed points which contradicts our hypothesis. 

li\N : Na\=u'^±u + 1 then, by |L.iu43t p. 11], \N : N^l = 7^. 

If |iV : Na\ = 7^ = u"^ — u + 1 and \Na\ > 7 then the average number of 
fixed points for non-identity elements of N is 

, ^ ANJ-1 \NJ - 1 343 X 381 

Now X = 361 and an element of order 7 must fix a multiple of 7 points. This 
implies that the most number of points such an element may fix is 357 which 
is a contradiction. 

If : A^c,| = 7^ = - M + 1 and |iV«| = 7 then \AutN\ is not divisible 
by 127. Thus F{G) must contain a non-trivial Sylow 127-group and G has 
a normal semi- regular subgroup P of order 127. Furthermore P centralizes 
Na and so 

\Fix{N^)\ > 7x 127> x + v^+1. 

This is a contradiction. 

U \N : Na\ = 7^ = u'^ + u + 1 then x = 324. In fact N = F = F{G) 
since otherwise F{G) > N and a point semi- regular group of order 307 must 
centralize N which is impossible. 

By Theorem ^ the centre of acts semi-regularly on the points of V. 
This implies that Na fixes a subplane. Suppose that |2'(A^)| > 7; then 
must fix a subplane of order 18. Thus, for g G iV„, Fix{g) = Fix{Na). Then 
take P a point of V not in Fix{Na). We must have A^^^ fl Nj^ = {1}. Thus 
\Np\ < 7^ and so |iV| < 7^. But in this case 307 does not divide into \AutN\ 
which is a contradiction. 

Suppose, alternatively, that \Z{N)\ = 7. Let X = NNiN^). If X > 
NaZ{N) then there are at most 7 X-conjugates of Na and so Na must fix 
or a multiple of 49 points in each orbit of N. Hence Na fixes a Baer subplane 
and our previous argument can be applied. 

Thus we assume that X = NaZ{N). Since N is nilpotent Nn{X) > X 
and so we choose a and (3 points in the same X-orbit such that Na and N^ 
are distinct subgroups of NaZ{N). Then \Na : {Na HiV/j)! = 7. Furthermore 

Y := N^iNa n Np) > (X, n) > X, where n e N such that an = /3, hence 

Y acts on the fixed set of Na H Np with orbits of size a multiple of 49. We 
conclude that Na H N^ fixes a Baer subplane. 

If Naf^Np fixes an entire X-orbit then, since X acts faithfully on its point- 
orbits, Xo n X/3 = {1}. Thus |X| = 7^. Alternatively X^ n N/s fixes exactly 
or 49 points in any X-orbit. In which case we can find two other points 7 



3 



and 6 in the same A^-orbit as a such that A^^ fl A^^ fix a Baer subplane. Then 
{N^ n Np) n (A^^ n Ns) = {1} and so |A^| < 7^ Thus in all cases \N\ < 
and 307 does not divide into lAwtA^I which is a contradiction. □ 

3 Abelian Singer groups 

Throughout this section 5 < G is an abelian Singer group of V. 
We record some results of Ho |Ho98j : 

Theorem 2. lHo9^ theorem 2] An abelian Singer group contained in a sol- 
uble collineation group of a finite projective plane is always normal. 

Lemma 3. lHo98l lemma 4-3] Let Q < G be a collineation group normalized 
by S . Then S centralizes Q if one of the following holds: 

1. Q is abelian; 

2. \Q\ is prime to \S\; 

3. X = V? and Q is nilpotent. 

We are now able to give an alternative proof to Theorem C. 

Proof. Suppose that S and T are abelian Singer groups lying in G. We need 
to prove that S = T. 

If G is soluble then both S and T are normal in G and so lie in F{G). 
By Lemma S and T centralize each other. Thus {S, T) is abelian and 
transitive on the points of V. By Theorem ^ \{S,T) \ < v and so S* = T. 

If G is not soluble then we may assume that G contains a Baer involution. 
Hence x = and, by Lemma El S and T both centralize F{G). Since 
F{G) = F*{G) this means that F{G) contains both S and T. Now F{G) is 
soluble and so we can apply the same argument as when G was soluble and 
conclude that S = T. □ 

4 Nilpotent Singer groups 

Throughout this section P is a projective plane of order x = u"^ and S < G 
is a nilpotent Singer group of V. 

Lemma 4. S contains F{G). 
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Proof. Suppose the result does not hold and S ^ F{G). Let P G SylpF{G) 
with P^S. Let H -.^ PS ^ SP. 

Let Q e SylpH such that Q — PPi where Pi e SylpS. Then consider 
h~^Qh for h E H. We can write h — sp where p E P and s E S. Then 

/^-iQ/t = p-^s-ipPisp = Pp-^s-^Pisp = ppf = g. 

Thus Q is normal in H. But this is a nilpotent group normal in a transitive 
group hence, by Theorem A, Q is semi- regular. But \Q\ does not divide into 
+ X + 1 and we have a contradiction. □ 

CoroUciry 5. Any prime dividing into v divides into |P(G)|. 

Proof. Since Cg{F{G)) < F{G) we know that if p divides into \S\ then p 
divides into \F{G)\. So if p divides into v then p divides into \F{G)\. □ 

We are now in a position to prove Theorem C: 

Proof. Assume, for the sake of contradiction, that V admits two distinct 
nilpotent Singer groups S and T and set G := AutV. Let v = p"^ . . .p"''. 
Then F{G) ^ Ni x ■ ■ ■ x N^, 1 Ni e Sylp.F{G). In a similar way write. 



S = Pi X ■ ■ ■ X Pr, T = Qi X ■ ■■ X Qr. 

We will assume, without loss of generality, that Pi 7^ Qi- Now G < {Ni x 
• • • X Nr).{Ai X • • • X Ar) where is a subgroup of the outer automorphism 
group of Ni. Then both Pj and lie in (1 x • • • x 1 x A^j x 1 x • • • x 1).(1 x 
•••xlxAjXlx---xl). This implies that 

Cg((Pi,Qi»>P2X---xP,. 

Now {Pi,Qi) must contain an element 1 g which fixes a point (since 
PiQi must have an orbit of size strictly less than |Pi(5i|.) Then we know 
that 

\v\ I 

\Ftx g\. 



\v 



pi 



In fact, consider (Qi, Pi) acting on P/(P2 x ••• x Pr). Either this is 
a Probenius action or there exists g e ((5i,Pi) that fixes more than one 
element. But a Frobenius action has a normal Probenius kernel which must 
be Qi and Pi. This is a contradiction. Thus 



\v\ 



< \Fix g\. 

\pi 

Now, since x = u"^, v = {x -\- ^Jx + l)(x — ^/x + 1). The bracketed terms 
are coprime and so \Fix g\ > 2{x — \fx +1) > x + \/x + 1. This gives a 
contradiction. □ 
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